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Abstract
In this work we obtain the exact solution for relativistic Landau prob-
lem plus oscillator potential in a complex symmetric gauge field in a
non-commutative complex space, using the algebraic techniques of cre-
ation and annihilation operators. It is shown that the relativistic Landau
problem in a complex symmetric gauge field in a non-commutative com-
plex space is similar behavior to the Pauli equation in the presence of a
symmetric gauge field in a commutative ordinary space. We derive the
exact non-commutative Landau and oscillator energy levels, while the non-
relativistic limit of the energy spectrum is obtained. We show that the
energy is not degenerate and is splitted into two levels, as in the Zeeman
effect.
Keywords: Non-commutative geometry; solutions of wave equa-
tions: bound states; algebraic methods.
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1 Introduction
There is a lot of interest in recent years on the study of non-commutative
canonical-type, quantum mechanics, quantum field theory and string theory
[1, 2, 3]. On the other hand, the solutions of classical dynamical problems of
physical systems obtained in terms of complex space variables are well-known.
There are also interests on the complex quantum mechanical systems (in two
dimensions) [4, 5, 6], in which we consider a quantum relativistic Landau prob-
lem and harmonic oscillator in non-commutative complex space [7] (so coor-
dinate and momentum operators of this space are written as zˆ = xˆ + iyˆ and
pzˆ = (px − ipy) /2), where
xˆµ = xµ − θ
µν
2
pν . (1)
For the non-commutative space of canonical-type, the parameter θµν is an
anti-symmetric real matrix of length-square dimension. It appears that the
most natural places to search the non-commutative complex coordinates effects
are non-relativistic and relativistic quantum mechanics systems in two dimen-
sions. So far many interesting topics in non-commutative non-relativistic and
relativistic quantum mechanics in two dimensions such as oscillator in the pres-
ence of uniform magnetic field [8− 25], and Landau problem [26− 31], have
been studied extensively. The purpose of this paper is to study the relativistic
Landau problem and relativistic oscillator in the presence of uniform complex
magnetic field on non-commutative complex space, where the non-commutative
complex coordinates could give an additional contribution. In this work, we
apply the algebraic techniques of creation and annihilation operators to solve
the relativistic Landau problem and relativistic oscillator in the presence of uni-
form magnetic field on non-commutative complex space. In this formalism, the
presence of energy levels degeneracy was completely removed.
This paper is organized as follows: In section 2, the Landau problem in non-
commutative complex space is exactly solved, the corresponding exact energy
levels and algebraic function states are obtained respectively, while the non-
relativistic limit of the energy spectrum is obtained. In section 3, the Klein-
Gordon eigenvalues equation of oscillator in the presence of symmetric complex
gauge field is exactly solved in non-commutative complex space. The conclusion
is given in Section 4.
2 Landau problem in Non-commutative com-
plex space
The conditions under which the relativistic Landau problem in non-commu-
tative quantum complex space and the Pauli equation are equivalent theories
are explored. In two-dimensional space, the complex coordinates system (z, z¯)
1
and momentum (pz, p¯z) are defined by:
z = x+ iy, z¯ = x− iy, (2)
pz =
1
2
(px − ipy) , p¯z = 1
2
(px + ipy) = −pz¯ (3)
We are interested in introducing the non-commutative complex operators of
coordinates and momentum in a two-dimensional space:
zˆ = xˆ+ iyˆ = z + iθp¯z, ̂¯z = xˆ− iyˆ = z¯ − iθpz, (4)
pˆz = pz = −i d
dz
, ̂¯pz = p¯z = i ddz¯ (5)
The non-commutative algebra (1) can be rewritten as:[
zˆ, ˆ¯z
]
= 2θ, [zˆ, pzˆ] =
[
ˆ¯z, pzˆ
]
= 0, [zˆ, pzˆ] =
[
ˆ¯z, pzˆ
]
= h¯, [pzˆ, pzˆ] = 0. (6)
Now we will discuss the relativistic Landau problem on non-commutative com-
plex quantum space in this formulation, we consider an electron of charge e and
massm moves on a complex space in the presence of a symmetric gauge complex
potential A
(
iB2 z,−iB2 z¯
)
, the relativistic quantum equation in complex space is
defined by the following form:
(2p¯z − eAz)
(
2pz − eA¯z
)
ψ =
(
E2 −m2)ψ. (7)
which can be written in commutative complex space as:(
4p¯zpz +
e2B2
4
zz¯ − eB (Lz + 1)
)
ψ =
(
E2 −m2)ψ. (8)
where Lz = i (zpz − z¯p¯z) , is the z-component of the orbital angular momentum,
then the Hamiltonian of the system is given by:
H =
2
m
pzpz¯ +m
ω2c
2
zz¯ − ωc (Lz + 1) , ωc = eB
2m
(9)
In a non-commutative complex space, eq.(7) is described by the following equa-
tion: (2pz − e ̂¯Az)(2p¯z + eÂz) 0
0
(
2p¯z + eÂz
)(
2pz − e ̂¯Az)
ψ = (E2 −m2)ψ.
(10)
Using the definition of the non-commutative complex coordinates, we can rewrite
this equation in a commutative complex space as:
(
2
m˜
pzpz¯ +
m˜
2
ω˜2zz¯ − eB
2m
Lz − sz e
2B2
4m
θ − e
2B2
8m
θLz
)
ψ = E¯ψ, (11)
2
where m˜ = m
(
1 + eB2 θ
)
, ω˜ = eB2m˜
(
1 + eB4 θ
)
, sz = ±1/2 and E¯ = E2−m2+eB2m .
We note that the term sz
e2B2
4m θ, is similar to the spin-magnetic momentum
interaction and the term e
2B2
8m˜ θLz, is similar to the spin-orbit interaction. So
the equation (11) is similar to the equation of the electron with spin 12 in a
plane under a symmetric gauge field. Thus, the corresponding Hamiltonian of
equation (11) is written as:
H =
2
m˜
pzpz¯ + m˜
ω˜2
2
zz¯ − ωc
(
1 +
eB
4
θ
)
Lz − sz e
2B2
4m
θ (12)
So that a critical point is obtained when the coefficient of Lz equals to zero in
this case where the non-commutative parameter θ = − 4eB . In this critical point
the Hamiltonian of the system is:
H =
1
2m˜
p2 +
m
2
(
eB
2m
)2
r2 + 2
e
2m
Bsz, (13)
where it represents the oscillation of single electron with spin 12 in a constant
magnetic field, where the energy spectrum is given by:
E2 = 2eB
(
n± 1
2
)
+m2 (14)
The non-relativistic limit is given as:
Enr =
eB
m
(
n± 1
2
)
with n = 0, 1, 2, ... (15)
Each of these energy levels is splitting into two levels, hence we can say that the
particle in non-commutative complex space describes the electron with spin 1/2
in magnetic field. Where the non-commutativity creates automatically the total
magnetic momentum of particle with spin 1/2, which in turnshifted creates the
spectrum of energy. If θ 6= − 4eB , the equation (11) can be written according to
the eigenvalues equation as following:
Hψ = E¯ψ (16)
To solve this equation, we can use the algebraic techniques of creation and
annihilation operators. To this aim, we define:
a =
2ipz + eB˜z¯
2
√
eB˜
, (17)
b =
−2ip¯z + eB˜z
2
√
eB˜
, (18)
where B˜ = B2
(
1 + eB4 θ
)
, the corresponding creation operators a+ and b+ satisfy
the usual commutation relations:
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[
a, a+
]
=
[
b, b+
]
= 1. (19)
All the other commutation relations are zero. Now we can write the equation
(16) in terms of the operators a+a and b+b as:
(
eB˜
m˜
(
b+b+ a+a+ 1
)
+
eB˜
m
+
eB˜
m
(
b+b− a+a)+ sz e2B2
4m
θ
)
ψσz = E¯ψσz ,
(20)
where σz = ±1, the states ψσz are labeled by the number n1 for the quanta
excitation of the operator a, and the number n2 for the quanta excitation of the
operator b:
a+aψσzn1,n2 = n1ψ
σz
n1,n2 (21)
b+bψσzn1,n2 = n2ψ
σz
n1,n2 (22)
The energy levels of the equation (16) are given as follows:
E2 = m2 + 2
meB˜
m˜
(n2 + n1 + 1) + 2eB˜ (n2 − n1)− eB ± e
2B2
4
θ (23)
The non-relativistic limit is given as:
Enr =
eB˜
m˜
(n2 + n1 + 1) +
eB˜
m
(n2 − n1)− eB
2m
± e
2B2
8m
θ (24)
In this formulation, there is an important observation about the removed degen-
eracy of this spectrum and its splitting into two levels. Such effects are similar
to the Zeeman splitting in a commutative space. We find that four eigenstates
components for the nth Landau levels with the quantum number σz have the
form:
ψσzn1,n2 = |n1, n2〉 |±〉 (25)
where
ψσz0,0 = |0, 0〉 |±〉 = |0〉 |±〉 (26)
ψσzn1,0 =
(a+)
n1
√
n1!
|0〉 |±〉 (27)
ψσz0,n2 =
(b+)
n1
√
n2!
|0〉 |±〉 (28)
ψσzn1,n2 =
(a+)
n1 (b+)
n1
√
n1!n2!
|0〉 |±〉 (29)
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and
szψ
σz
n1,n2 =
1
2
σzψ
σz
n1,n2 (30)
a+aψσzn1,n2 = n1ψ
σz
n1,n2 (31)
b+bψσzn1,n2 = n2ψ
σz
n1,n2 (32)
There are four independent states:
ψ+n1,0 (z, z¯) , ψ
−
n1,0
(z, z¯)
and
ψ+0,n2 (z, z¯) , ψ
−
0,n2
(z, z¯)
These particles are positioned in the four equivalent points (z+, z¯+, z
−
, z¯
−
).
These results came from the fact that the particle has a spin 12 induced by the
non-commutativity effects in complex space.
3 Relativistic Landau problem plus oscillator
potential in non-commutative complex space
We consider the movement of an electron by oscillation on the complex space
(z, z¯) , subjected to a complex gauge potential field A
(−ieB2 z¯, iB2 z) , where B
is the magnetic momentum. In this gauge, the relativistic quantum equation in
complex space can be defined by the following equation:[(
2pz + ie
B
2
z¯
)(
2pz¯ − ieB
2
z
)
+m2ω2zz¯
]
ψ =
(
E2 −m2)ψ, (33)
which can be rewritten as:
(
4pz¯pz +
(
m2ω2 +
e2B2
4
)
zz¯ − eB (Lz + 1)
)
ψ =
(
E2 −m2)ψ. (34)
The corresponding Hamiltonian of the equation (34) is:
H =
2
m
pzpz¯ +
m
2
(
ω2 + ω2c
)
zz¯ − ωc (Lz + 1) (35)
The eigenvalues for the Hamiltonian in equation (35) are:
E2 = 2m
(
ω2 + ω2c
)1/2
(n1 + n2 + 1) + eB (n1 − n2 − 1) +m2 (36)
The non-relativistic limit is given as:
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Enr =
(
ω2 + ω2c
)1/2
(n1 + n2 + 1) + ωc (n1 − n2 − 1) (37)
In the non-commutative complex space
(
zˆ, ˆ¯z
)
, the relativistic quantum oscillator
in a complex symmetric gauge potential field A =
(
iB2 z,−iB2 z¯
)
is described by
the following equation:( (
2pz + ie
B
2
ˆ¯z
) (
2pz¯ − ieB2 zˆ
)
+m2ω2 ˆ¯zzˆ 0
0
(
2pz¯ − ieB2 zˆ
) (
2pz + ie
B
2
ˆ¯z
)
+m2ω2zˆ ˆ¯z
)
ψ
=
(
E2 −m2)ψ (38)
Using the relations (3) and (4) we can rewrite the equation (38) in commutative
complex space as:
(
4(1− eB
4
θ)2pzpz¯ +
(
m2ω2 +
(
e
B
2
)2)
zz¯ − 2
(
e
B
2
)
Lz + 1
−
(
m2ω2 +
(
e
B
2
)2)
θ (Lz ∓ 1)
)
ψ =
(
E2 −m2)ψ (39)
The equation (39) can be written in a very simple way as:(
2
m˜
pzpz¯ +
m˜
2
̟2zz¯ −
(
m˜
2
̟2θ + ωc
)
Lz + szm̟
2θ
)
ψ = E¯ψ, (40)
where ̟2 =
ω2+( eB
2m )
2
(1+eB
2
θ)
, m˜ = m(1 + eB2 θ) and E¯ =
E2−m2+eB
2m . The equation
(40) is similar to the Pauli equation of motion for a fermion of spin 12 in a
constant magnetic field. So that a critical point is obtained when the coefficient
of a new constant equals to zero, in this case the relation between the magnetic
momentum and the non-commutative parameter is given by:
B = −m
2ω2
2e
θ (41)
The negative sign means that the non-commutative parameter is in the opposite
direction of the vector
−→
L z. If we substitute the parameter θ in Eq. (40), it leads
to an oscillator with spin 12 on a commutative complex space in a constant
magnetic field:
(
2
m
pzpz¯ +
m
2
(
ω2 +
(
eB
2m
)2)
zz¯ − 2ω
2 +
(
eB
2m
)2
m2ω2
szB
)
ψ = E¯ψ, (42)
The accompanying Hamiltonian to the equation is written as:
H =
2
m
pzpz¯ +
m
2
(
ω2 +
(
eB
2m
)2)
zz¯ − 2ω
2 +
(
eB
2m
)2
m2ω2
szB (43)
6
The eigenvalues for the Hamiltonian in equation (43) are:
E2 = 2m
(
ω2 +
(
eB
2m
)2)1/2
(2n+ 1)∓ 2ω
2 +
(
eB
2m
)2
mω2
B − eB +m2 (44)
The non-relativistic limit is given as:
Enr =
(
ω2 +
(
eB
2m
)2)1/2
(2n+ 1)− eB
2m
∓ ω
2 +
(
eB
2m
)2
m2ω2
B (45)
At the critical point, the energy spectrum is splitting to two levels. So the
charged oscillator in non-commutative complex space at the critical point is
similar to Pauli particle in commutative ordinary space. If B 6= −m2ω22e θ, the
equation (40) can be written according to the eigenvalues equation as following:
Hψ = E¯ψ (46)
where
H =
2
m˜
pzpz¯ +
m˜
2
̟2zz¯ −
(
m˜
2
̟2θ + ωc
)
Lz + szm̟
2θ (47)
To solve Eq.(46), we can use the algebraic techniques of creation and annihila-
tion operators. For this purpose, we define:
a˜ =
2ipz + m˜̟z¯
2
√
m˜̟
, (48)
b˜ =
−2ip¯z + m˜̟z
2
√
m˜̟
, (49)
We can now write the equation (46) in terms of these operators as:
(
̟
(
a˜+a˜+ b˜+b˜+ 1
)
−
(m
2
̟2θ + ωc
)(
a˜+a˜− b˜+b˜
)
+ szm̟
2θ
)
ψσzn1,n2 = E¯ψ
σz
n1,n2 ,
(50)
where the states ψσzn1,n2 are labeled by the number n1 for the quanta excitation
of the operator a˜, and the number n2 for the quanta excitation of the operator
b˜:
a˜+a˜ψσzn1,n2 = n1ψ
σz
n1,n2 (51)
b˜+b˜ψσzn1,n2 = n2ψ
σz
n1,n2 (52)
The energy eigenvalues for eq. (50) are given by:
E2 = m2 − eB + 2m̟ (n1 + n2 + 1)− 2m
(m
2
̟2θ + ωc
)
(n1 − n2)±m2̟2θ,
(53)
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The non-relativistic limit is given as:
Enr =
̟
m
(n1 + n2 + 1)−
(
m̟2θ + 2ωc
2m
)
(n1 − n2)− eB
2m
± m
2
̟2θ (54)
where n1, n2 = 0, 1, 2, .... and ml = n1 − n2 = 0,±1,±2, .......
The energy level is splitting into two levels ( they are labeled by n1, n2), which
removed the degeneracy. It is similar to the Zeeman effect. Hence we can say
that the particle in non-commutative complex space describes the particle with
spin 1/2 in magnetic field, therefore the system with spin in a magnetic field will
have a resonance [32]. Then the critical values of θ = − 2em2ω2 can be considered
as a resonance point. At this point, the system can be treated as landau problem
with spin 1/2.
4 Conclusion
In this work we started from charged relativistic quantum particle and charged
oscillator in a uniform magnetic field in a canonical non-commutative complex
space. By using the Moyal product up to first order in the non-commutative
parameter θ, we derived the deformed relativistic Landau problem and Klein-
Gordon oscillator equations. By solving them exactly we found that the energy
removed the degeneracy and shifted up it to the first order in θ by two levels,
such effects are similar to the Zeeman splitting in a commutative ordinary space.
In addition, we also obtained the non-relativistic limit of the energy spectrum.
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